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1. The joint density function of X and Y is

Jrx+y O<x<l,0<y<l1
fz,y) { 0 otherwise

(a) Are X and Y independent?

(b) Find the density function of X.

(c) Find P{X +Y < 1}. [2+3+3]
2. If X is uniformly distributed over (0,1) and Y is exponentially dis-

tributed with parameter A = 1, find the distribution of (a) Z = X +Y
and (b) Z = X/Y. Assume independence. [4+4]

3. Choose a number X at random from the set of numbers {1,2,3,4,5}.
Now choose a number at random from the subset no larger than X.
that is, from {1,--- , X}. Call this second number Y.

(a) Find the joint mass function of X and Y.
(b) Find the conditional mass function of X given that ¥ = 1.
(c¢) Are X and Y independent?Prove your answer [3+3+2]

4. The joint density of X and Y is

flzy) =clz® —y*)e ™™ 0<z<o0,—z<y<um

Find the conditional distribution of Y, given X = x. [5]

5. Suppose that F'(x) is a cumulative distribution function and X ~ F(z).
(a)Verify that G(z) = F™(z), H(z) = 1 — [1 — F(z)]" and are also
cumulative distribution functions when n is a positive integer.

(b) Show that there exists random variables Y, Z such that Y ~ G and
Z ~H. [34-3]

6. Suppose n people (n > 2) are distributed at random along a road L
miles long. Let D < % Show that the probability that no two people
are less than a distance of D miles apart is, [1 — (n — 1)D/L|". What
it D>L/(n—1)7 4]



7. Let Xy, ---,X, be independent and identically distributed random
variables having distribution function F' and density f. The quan-
tity M = [Xq) + X(»)]/2, defined to be the average of the smallest
and largest value, is called the midrange. Show that its distribution
function is

Fy(m) =n /m[F(Zm — ) — F(2)]"  f(x)ds.

[5]

8. If X and Y are independent standard normal random variables, deter-
mine the joint density function of

X
U=X V—?

Then use your result to show that X/Y has a Cauchy distribution.
[4+4]



